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Abstract 

This paper presents a new observability estimate for parabolic equations in Q x 
(0, T), where Q is a convex domain. The observation region is restricted over a prod- 
uct set of an open nonempty subset of fl and a subset of positive measure in (0, T). 
This estimate is derived with the aid of a quantitative unique continuation at one point 
in time. Applications to the bang-bang property for norm and time optimal control 
problems are provided. 

Keywords. Parabolic equations, observability estimate, quantitative unique continu- 
ation, bang-bang property 

1 Introduction and main result 

Let Vt be a bounded, convex and open subset of W 1 , n > 1, with a boundary dfl. Let 
T > 0. We consider the following parabolic equation: 

d t u - Au + au + b ■ Vu = in Q x (0, T) , 
u = ondtt x (0,T) , (1.1) 

u{-,0) G L 2 (Vl) . 

Here b G L°° (fl x (0, T)) n , a G L°° (0, T; L q (fi)) with g > 2 for n = 1, and g > n for 
n > 2. Clearly, it defines a well-posed problem in the sense of Hadamard, that is, 

• for any u G L 2 (Q), there is a unique solution mgC([0,T];L 2 (0))of (11.11) with 

tt(-,0) = u ; 

K.D. Phung: Mathematiques - Analyse, Probabilites, Modelisation - Orleans (MAPMO), Universite 
d'Orleans & CNRS UMR 6628, Federation Denis Poisson, Universite d'Orleans & CNRS FR 2964, 45067 
Orleans Cedex 2, France; e-mail: kim_dang_phung@yahoo.fr 

G. Wang: School of Mathematics and Statistics, Wuhan University, Wuhan 430072, China; e-mail: 
wanggs62 @yeah.net 

Mathematics Subject Classification (2010): Primary 93B07; Secondary 35B35 



1 



2 



Kim Dang Phung, Gengsheng Wang 



• the solution u depends continuously on the initial value. 

The above continuous dependence and the uniqueness can be derived from the following 
estimate. 

/ \u(x,t)\ 2 dx < e Co '( ||a|l ' 00 (o.T ; w(n)) + ll b lli° (nx(o i T) ) ) / \ u (x,0)\ 2 dx Vte[0,T], 
Jn Jn 

(1.2) 

where Co is a positive constant depending only on f2, n and q. 

This is a kind of stability estimate which shows how the left term \\u 0)*)lli,2(fi) de- 
pends on the right term \\u (•, O^l^m- From this point of view, the estimate 

ll M ('> T )llL2(m < C(n, n ,q,u,,E,T,a,b) / \u (x , t)\ dxdt (1.3) 

where D = to x E with u; being an open nonempty subset of and being a subset of 
(0, T], shows how the left term \\u (-, T) || L 2(™ depends on the right term IMI^i^)- Here 
and throughout the paper, Ci...\ denotes a positive constant that only depends on what are 
enclosed in the brackets. An interesting problem is to ask what kind of E makes rti.31) 
standing. 

When E = {T}, (or E = {t }, t e (0, T)), (O) does not hold. However, it has been 
obtained (for some potentials a and b) that 

\\ u (-> T )\\ L i(n) < C^n^T^b) \\u (-,0)11211(0) \\u(-,T) Hj^Jj , (1.4) 

for some a 6 (0, 1). This is a quantitative unique continuation at one point in time. It is 
a kind of Holder continuous dependence in the sense of John. We call (11.41) as the Holder 
continuous dependence from one point in time. With regard to the studies of unique con- 
tinuation, we refer the readers to HBTH . ID . IlKl . HKTU and references therein. 

When E = (0, T) (or E is a subinterval of (0, T)), the estimate (11.31) . viewed as 
a refined observability estimate in control theory of PDE, has been discussed in many 
literatures (see for instance [LR], [EI], HDZZIO . It is obtained that the estimate (11.31) holds 
for a large class of potentials a and b (see IDFGZ1Q . 

The present paper studies the estimate (11.31) when E is a measurable set of (0, T) with 
a positive measure. The main result is presented as follows. 

Theorem 1.1. Let E C (0, T) be a measurable set with a positive measure. Let u be a 
nonempty open subset ofQ. Then any solution u to rti.il ) holds the estimate 

\\ u || Zj2(0) < C(Q t n t q^ E ,T,a,b) / \u (x,t)\ dxdt . (1.5) 

JujxE 

The key to establish Theorem [TTT] is the following strategy: 

Holder continuous dependence from one point in time 
=>■ Observability from a measurable set in time (i.e., (II .51) ). 
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This method allows us to build up (11.51) for parabolic equations with space-time dependent 
potentials a and b. It also provides a different way from that in OV] to get (11.51) for the 
case where a = 0, b = 0. The above-mentioned strategy is partially inspired by AMI- In 
our paper, the estimate (11.41 ) is built up by the technique provided in 0, HEFV1 and UPWL 
The rest of the paper is organized as follows. Section 2 first shows the Holder con- 
tinuous dependence from one point in time, and then presents the proof of Theorem II .![ 
Section 3 provides some applications of Theorem ll.ll to the bang -bang property for norm 
and time optimal control problems. In Appendix, the proof of some results (which are 
used in the proof of Theorem ll.il) is given. 



2 Proof of Theorem 1.1 



2.1 Preliminary results 

The proof of Theorem ll.ll is based on the following two results. We provide the proof of 
the first one in Appendix and that of the second one in subsection 2.3. 

Proposition 2.1. Let E c (0, T) be a measurable set with a positive measure. Let £ be a 
density point for E C (0, T). Then for each z > 1, there exists afi G (£, T) such that the 
sequence {£ m } m > v given by 

£ m+ i = £+\{£i-£) , (2.1.1) 

satisfies 

~ ^ 3 \E n (£ m +i, £ m ) | . (2.1.2) 

To state the second result, we need the following notation. Let 



V 

Write 



2n 

1 if 2n < q 



— if n < q < 2n 

q v — 



^(^)|l a ll) — H a llL°°(0,T;L'J(f7)) + (^ + T 2 P ) || a |lLoo( 0iT;i q( C ))+T 2 f ||a|| ioo ^ 0jT . L ^ !)j:! 



2 / II II \ 2 -P 
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K (T, ||a|| , H&H) = 1 + A (T, ||a||) + T ||6| lioo(nx(0>T)) 
and 



(3(r,T,\\b\\) = -e 



J_ 2T(l+||6||| oo{nx(0T)) ) 
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Proposition 2.2. Let B r be an open ball of radius r > and contained in Vt. There is a 
C = C(n, n ,g) sucn that an y solution u to ( li.iD satisfies 

/ r v l-o(r,r,||6||) 

|u(a;,L)| < C / |m(x,L)| <ix J 

/ . t , /• \ a(r,T,||6||) 

x r c ^Cr,l|a||,||H|)+i) J | M(x?0 )| 2 rfx 

where L is arbitrarily taken from (0, T], anJ where 

CP(r,T, 



a (r, T, 



l + C/3 (r,T, 



Furthermore, there is a positive constant c (only depending on Q, n and q) such that any 
solution u to ( li.il ) satisfies 



|p(->*2j|| L 2 (n) < e7(t .,r,nt||) e v * 2 tlJ \\u(-,t 2 )\\ L i {Br) (2.1.4) 

+e\\u(;t 1 )\\ L2{u) \/e>0 

where t\ and t 2 are arbitrarily taken such that < t\ < t 2 < T, and where 

7 (r, T, ||6||) = Cf3 (r/2, T, ||6||) (1 + ra/2) + n/2 . (2.1.5) 



2.2 Proof of Theorem 1.1 



Write B r for an open ball of radius r > and contained in to. Let i be a density point for 
-E C (0, T). Let {^m} ?n >i be the sequence provided by Proposition 12.11 with z = J 
where 7 is given by (12.1.51) . Let t G (£ m +i, d]- Then we apply (12.1.41) in Proposition 12.21 
where £ 2 = t and £1 = £ m +2, to get that 

| K , t) || il(n) < ^l.^^* ||«(-,*)ll il(Br) (2.2.!) 
+e||M(-,£ m+2 )|| L2(f7) V£>0. 



Since it follows from (11.21) that 

IK-, 4011^(0) <e CoT [ll a lli-(o,T^ ( o),+^llioo ( ox,o, r) ,] || M (.,t)|| L2(n) , 
we integrate (12.2.11 ) over E n (£ m+ x,£ m ) to get that 



\E n (C+i, Ol e - c ' oT [ii a ii^(o.T,^(n))+ii6lii-( f ,x(o,T))] || M ( . ; £ ro ) || i2(n) 

^KVMm+Tz^yrrm) I \\u{.,t)\\ LHBr) dt 

J En(l m+ i,£ m ) 

+ \Ef] (£ m+l , £ m ) I e \\u (-, C+2) || L2(n) > . 
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This, along with (12.1.11) and (12.1.21) . indicates that there is a positive constant d (only 
depending on fi, n and q) such that 



\u (-,4 



< J_ d^(T,||a||,||6||)/3(r,r,l|6||) 



1 Z r ' 



d/3(r,T,\\ 



i-e, 2-1 

U (■> *) II L 1 (_B r ) rft + 6 ll W (-.Uj) II L2 ( n) 



sn(WiW 

J_ dK(T,||a||,||&||)/3(r,T,||&||) a+dP(r,T,\\b\\))[j^i^\ 



< — e 



+£||u(-,£ m+2 )|| i2(n) V£>0, 



£n(£ m+ i,l m ) 



k(->*)ILi(B r )^ 



that is 



e<e ^ m+2 ||u(-,^ m )|| L2(Q) - : : 'r 



< rfiC(T,|la|[,|[b||)/3(r,T,| 



U (■)^m+2)|| L 2(n) 

rft Ve > 



(2.2.2) 



Bn(€ m+ i,€ m ) 
l l 



' L J\\L 1 {B r ) 



By taking e = e ^ z in (12321) . and by 



where 77 = (1 + d/3 (r, T, Iril „ L<1 _ Mz _ 1} 
using the fact that (7 + 1) z 2 = 7 + 2, we obtain that 

e -,(7+2 )z ™ || M (,^)|| L2(n) - e -*t+*)"*> \\u(.,e m+2 )\\ L2{n) 

< e dK(T,\\aUb\\mr,T,\H) f \\ u t ) \\ dt . 

JEn{£ m+1 ,e m ) 



(2.2.3) 



Next, we take m = 2m' and then sum (12.2.31) from ml — 1 to infinity to deduce that 

££=1 [e-^+ 2 >* 2m ' lluO./w) 11^(0) -e-^ W+2 \\u(;£ 2m/+2 )\\ L2{n) 



< e dX(T,||a||,||6||)/3(r,T,||6||) / 

m_i ysn(£ 2m , +1 ,£ 2m ,) 
< e dBr(T,||.||,||6||)^(r,r,||6||) /" ^(..^(l^jtft. 



Since e ^+ 2 ) z2m +2 tends to zero as w! — >■ +00, it holds that 
= e-^^|| ti( . j4) || . 



(2.2.4) 

L 2 (n) 
(2.2.5) 



Besides, one can easily check that 

r ] ( 1 + 2)z 2 =(l + d/3(r,T,||6||)) 



ix-t 



(7 + 2) (Vt + 2 + Vt+T) 

(2.2.6) 



Now, it follows from (12341) . (l2~23l) and d2~2!6l) that 



Il 2 (q) 



< e 



C (n ,„, 9)?I ^[/3(r,T,||6||)] 3 ed x(T,||a||,||6||)/3(r,T,||fe||) /" || U t) ^ fi <$£ 
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This, along with the fact that 

\\u(;T)\\ L2{n) < e^[ll a lli-(0^(O)) + ll^li-(o x (0,T,)] \\u(;£ 2 )\\ L2{Q) , 

indicates that 

\\u(;T)\\ LHn) < e (CoW(nT,|| 6 ||))K(T > ||a|U|6||) e C ( ,, n , <!)II L[^(,,T 1 ||6||)]3 f \\ u (.^^ dt . 

J E 

This leads to the desired results and completes the proof of Theorem ll.il 



2.3 Proof of Proposition 1X2 



We begin with introducing two quantities G\ and N\ yip as follows. Let x be the center of 
B r . Let L G (0, T]. For each A > 0, we define 

G x (x,t) = - L^e-fefi), (x,i)eK"x[0i]. 

(L-t + A) 1 

It is clear that G\ is a smooth function and satisfies 

(d t + A)G x (x,t) = 0, (x,{)6R"x[fl,L]. (2.3.1) 
Moreover, it holds that 



|^ / | it (x, t)\ 2 G\ (x, t) dx + / | Vu (x, t) | 2 G\ (x, t) dx 
u (x, t) {dt — A) u (x, t) G\ (x, t) dx , 



(2.3.2) 



for any t G (0, Lj. This can be proved by a direct computation. Also it can be derived 
from the following observation. The quantity 



(d t — A) (ju (x, t)\ 2 ) G (x, t) dx + / \u{x,t)\ 2 {d t + A)G{x,t)dx 

Jn 

where G G has two expressions 

f ^(\u(x,t)\ 2 G(x,t))dx- [ [d v (\u(x,t)\ 2 )G(x,t) - \u{x,t)\ 2 d u G{x,t)] da 
Jq dt ' Jqq 



and 



2 / [u (x, t) (d t — A) u (x, t)-\Vu (x, t)\ 2 ]G (x, t) dx 
Jn 

+ / \u(x,t)\ 2 (d t + A)G(x,t)dx . 



n 



Because of (12.3.11) and since u = on <9f2, (12.3.21) follows from the above two expressions 
with G = G\. 
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Next, we define, for each A > and each <p such that (p G C ([r, L) ; H 1 (Q)) for any 
re(0,L), 

j n \ V(f (x, t)\ 2 G\ (x, t) dx 



Nx, v (t) 



L \ip (x,t)\ 2 G\ (x,t) dx 



where t is in the set {t G (0, L) ;<£>(•, t) ^ in 1? (Q)}. 

Proof of (12.1.31) in Proposition 12.21 The first step to prove 1\2.1.3\) is to estimate 
4xN\ tU (t). The desired estimate is a consequence of the following lemma. 

Lemma 2.3. Let (ip , g) G L 2 (O) x L 2 (fi x (0, L)) and ip = ip(x, t) be the solution of 

d t tp — A<£ = g inVl x (0, L) , 
ip = on dn x (0, L) , 

<p(-, 0) = ip - 

Then on the set {t G (0, L] ;<p(-, t) ^ in L 2 (fi)}, the function t !->■ (t) is differen- 
tiable. Furthermore, it holds that 



J n \g(x,t)\ 2 G x (x,t) dx 



(2.3.3) 



Lemma [2731 is a direct consequence of estimate (3.26) in UPWL We omit the proof. 
The second step to prove (12.1.31) is to estimate \N\ tU (L) by making use of< \2.3.3\) and 
< \2.3.2\) . The desired estimate is stated in the following lemma. 

Lemma 2.4. There exists a Cm nq ) such that any non-trivial solution u to rfi.ip satisfies 



XN X , U (L) + f 
<8(A + n ) e 



2L(l+\\ 



li°°(nx(o,L))y 



X log 



[l+(c (n ^ q) +C ) [A{L,\\a\\)+mb\\l^(ax(o,L))]+^t) Jll 



\u (x, 0)| 2 dx 



\u(x,L)\ dx 



where m = sup \x — xo\ and Co is given in ( 17.21) . 

xGfi 

Proof of Lemma 12.41 Clearly, the solution u to (11.11) holds the property that u G 

L 2 (r, T; H 2 n H% (0))nC ([r, T] ; H] (fi)) and d t u G L 2 (r, T; L 2 (fi)) for any r G 
(0, L). One can easily check that N XjU (t) is well-defined for any t G (0, L]. We carry out 
the rest of the proof by three steps as follows. 
Step 1 .- We claim that for any t G (0, L], 



X -2&(i+||&||?,, 



(nx(o,£))JjV A (L) 



< A^a, u (t) + C^Q,n,q)L [\\a\\L°°(0,T;L<l(n))) + C(fi,n,g)XF=T \\ a \\ L^(0,T;Li(Q)) 



4 
2-p 



(2.3.4) 
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To this ends, we apply Lemma [2731 to ((p , g) = (u (•, 0) , —au — b ■ Vu) and use Cauchy- 
Schwarz inequality to get that 

/ \au(x,t)\ 2 G x (x, t)dx ni%\ 

+2^ " + 2 IHI^nxCCL)) (t) . { ^ 

\u(x, t)\ G\(x,t)dx 



in 

Since (IA.2.11) in Appendix holds, 



\a (x, t) u (x, t) \ 2 G\ (x, t) dx 



< .V v „(/) / \uix,t)\ 2 G x (x,t)dx 

4 



+C(Q,n,g) ( (lHlz°°(0,Z;Z?(fi))) (L-i+A^^" J Jq^^'^ G\(x,t)dx. 

(2.3.6) 

It follows from (12331) and (12376b that 

| [(L - 1 + A) e - 2 '( 1+l,6|l '°°(«-(o^)))iV A , u (t) 

< Cfon*) (||a|lx-(p A L«(n))) ^ ( L ~ * + A) e^^li-cpx^,,) 
+C ( n,n >9 ) ||a||ioo ( o,£ ; w (n) ) (J ._ t+ 1 A)P _ 1 e- 2 < 1+ 'l 6 "'°°(^(°^))) . 

Integrating it over [£, L] with t G (0, L), after some simple computations, we get (|2.3.4I) . 
Step 2 .- We claim that for any t E (0, L/2), 

f t / \u(x,t)\ 2 G x (x,t)dx + -Nx, u (t) / \u (x,t)\ 2 G x (x,t) dx 
Jn ^ Jn 

< (C ( n,n, 9 ) ||o||loo( ,L;w(n)) + H 6 llL~(fix(o,z))) JJu(x,t)\ 2 G x (x,t)dx (2.3.7) 
+C(n,n, g )i \\a\\ L oc (0ji;L9(n)) J \u (x, t)\ 2 G\ (x, t) dx . 
For this purpose, we first observe that (12.3.21 ) is equivalent to the following equality: 

t)\ 2 G x (x,t)dx + 2N x>u (t) / | u (x, t)\ 2 G x (x,t) dx 
Jn Jn 

= 2 / u (x, t) (d t — A) u (x, t) Gx (x, t) dx , 
Jn 

for any t E (0, L]. By this and by Cauchy-Schwarz inequality, it follows that 

j| J \u(x,t)\ 2 G\ (x,t)dx + N\, u {t) J \u (x, t)\ 2 G\ (x,t)dx 



<2 \a(x,t)\\u(x,t)\ 2 G x (x,t)dx (2.3.8) 
Jn 

+ II 6 IIl~07x(o,l)) / \u{x,t)\ 2 G x {x,t)dx . 



n 
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Because of (IA.2.21) in Appendix, 



a (x, t) \u (x, i) \ 2 G\ (x, t) dx 



< 



| Vit (x, t)\ 2 G\ (x, t) dx 



+C(n,n,q) \\ a \\L°°(0,L;Li(n)) 



+ 



\u (x, t)\ 2 G\ (x, t) dx . 



I£°°(0,Z;£?(S1)) ^ L-t+X 

(2.3.9) 

We directly get (12377b from (ED) and Eg) . 

Step 3 .- Conclusion. By (12.3.41) and (12.3.71) . we deduce that for any t G (0, L/2], 



eft 
+ 



|« (x, t)\ 2 G\ (x, t) dx 



2 L+X 



^ e -2L(l+\\b\\lo a(nx(0tL)) ) Nxu ^ f \ u ( Xjt )\ 2 G X (x,t)dx 



< a 



'(Sl,n,q) ll a llioo(0,i;i?(n)) + IHlL°°(fix(0,L))) / \ U ( X ^)\ G\(x,t)dx 



+C(n,n,q)J / ll a llL°°(0,L;L9(Q)) / G\(x,t)dx 



(2.3.10) 



+C(fi,n,g) 



L ( Hal 



L°°(0,L; 



4 

;£«(«)) ) + LP^ 1 H a llL°°(0,L;L9(n)) 



x / |w(x,t)| G\(x,t) dx 
In 



Recall that 



U(L,||o| 



II II 2 , j_ II || 

\\ a \\L°°(0,L;Li(n)) ' L II ° II L°°(0,L;L9(Q)) 

4 

, r / 1| || \ 2 ~P , 1 || ||2 

"r-^ Ml a llL°°(0,L;L9(Q)) J i LP- 1 H a llL°°(0,L;L9(f2)) 



This, together with (12.3.101) . gives that 



j| / |w (x, i)\ 2 G\ (x, t) dx 



+llTA e " 2i(l+INioo(nx(0 ' i)))iV A, u (^) / \u(x,t)\ 2 G x (x,t)dx 

Jn 

< [C {n ,n, q )lA{L, \\a\\) + \\b\\l 

°°(nx(o,i))) / \u(x,t)\ 2 G\(x,t) dx . 
From this, we deduce that for any t 6 (0, L/2], 



|w (x, t)| 2 G\ (x, t) dx <exp( — t 



xexp t 



1 _A_ e -2£(l+IHHoc (nx{0 , L)) ) Nx ( W) £) 

C(Q,n,g)x^4(L, ||a||) + ||6|li»(n X (o^)) 



0)fG x (x,Q) dx 
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Taking t = L/2 in the above, we see that 

1 



(L/2+A)"/ 2 J Q 



u (x, 



< exp 



XL . e -2L(l+||6||Jao ( nx(o,i))) N x (u, L) 



4(L+A) 



xexp(C ( n,„ ig )A(L,||a||) + L||6||2, 
1 

(L+A) 



(2.3.11) 



x 



~nj2 



|£-£g| 

u(x,0) e Wic, 



On the other hand, it is clear that 



| it (x, L)\ 2 dx 



< e 



C L(\\a\\ 



I°°(o,L;L<?(n)) + ll 6 lll°°(nx(o,L))J / \u(x, L/2)\ Z dx 

Jn 

2 .li til 2 \ m n /" , . , . ,9 Ig-gHj 

Iv°°(0,i;i9(fJ)) + ll°lli°°(nxC0,Zv)); e 2i / |m(x,L/2)| e 4(^/2+A) d X _ 



< e 



Co-L (||o|| 



This, together with (12.3.111) . yields that 



|« (x, L)| 2 dx < exp 



_A^_ e -2L(l + |]b||| oo(nx(0ji)) )^ ^ ^ ^ 

xexp ((C(n,n,«) + C ) A (L, \\a\\) + L |]6||i«» (nx( o^)) 

x / \u (x, 0)| 2 dx , 
in 

from which it follows that 



m 
2L 



XN XtU (L) <4(A + l) e 



2L( 1+1161 



t°°(nx(o,i)) ; 



J ((C f (n,n,9)+Cb) [A(X,||a||)+L||6||| oo(nx(0iL)) ]+^) Tn 



|u (x, 0)| 2 cix 



. (2.3.13) 



xlog 

|w (x, L) \ a dx 

(2.3.12) 

Clearly, it holds that 

; ri+fgro.n. )+go N )[A(L,|ia||)+L|ife|| 2 rcomwn r ^]+^ N ) Jn \u(x,0)\ 2 dx 

J n \u (x, L)\ 2 dx 

Now, the desired estimate in Lemma l24l foilows immediately from (12.3.121) and (|2.3.13l) . 
This completes the proof of Lemma [24l 

The third step to prove n2.1.3v is to get an estimate of J n \u (x, L) \ e « dx in term 

of J B \u (x, L) \ 2 e~' 4A ' dx. It is a consequence of the following lemma. 

Lemma 2.5. For any non-trivial f G H 1 (Q) and any A > 0, it holds that 



n n, 
— < —log 

4 - 4 5 



\f (x)\ e dx < 1/0*01 e « dx 



L3 r 



+^ (AJVa,/ (L) + f ) / |/(x)| 2 e-^rfx. 
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Proof of Lemma [275l We first observe that 



2 \X — XQ\ 

\f (x)\ e 4A dx 



< I |/(x)| 2 e ^ L dx+ I \f(x)\ 2 e ^^dx (2.3.14) 
J B r Jnn{\x-x \>r} 

< I \f(x)fe-^dx + 1 -^ l ll ^\f^\ 2 e-^dx. 



Next, we claim that 



I |2 2 

\ x ~ x 0\ i,/ x,2 — lg=gal , 
\j [x)\ e iX dx 



m 16A 2 (2.3.15) 

<A / |V/(a;)| 2 e- M ^dx + j / \f (x)\ 2 e'^^dx . 

When this is done, the desired estimate in Lemma [231 follows at once from (|2.3.14l) and 
(12.3.151) . It remains to show (12.3.151) . This can be done by what follows (see also HEFVl 
page 211]). 

, ,2 | f , m2 -l^o I 2 , 

\ x ~ x o\ \J { x )\ e 4A dx 





4* d 








4A ( 




\x-x \ 2 



2 k-^ol 2 



2 \x-x \ 2 



< 2Xn / |/(a:)| e ^dx 

Jq 

+ ± [ 16\ 2 \Vf(x)\ 2 e- lJ ^S >l dx + - [ \x - x Q \ 2 \f {x)\ 2 e-^£^ dx . 
Jq 2 Jq 

(2.3.16) 

i I 2 i ,2 

In (I2.3.16I) . it is used in the first equality that (— 2A) Ve *a = (x — x ) e 4a ; 
integration by parts is applied in the second equality; Cauchy-Schwarz inequality, along 
with the assumption that is convex, is applied in the last inequality. This completes the 
proof of Lemma 1231 

The last step to prove {\2.1.3v of Proposition s. 2\ is to drop the weight function e 
in the integrands. 

Recall that for any r G (0, L), u G L 2 (r, T; H 2 n Hi (fi)) D C ([r, T] ; (fi)) and 
d t u G L 2 (r, T; L 2 (fi)). Without a loss of generality, we assume that k is non-trivial 
in order that N\ u (t) is well-defined for any t G (0, L]. We apply Lemma [231 where 
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f — u (-, L) to get that 



/ r \i2 \ x ~ x o\ 2 , . f I / rN ,2 l^-^ol 2 , 

-L)| e « ctx < / \u{x,L)\ e ^ dx 



+^ (XN X , U (L) + 2 ) / | M (x,L)| 2 e-^rfx. 

(2.3.17) 



By Lemma [231 it holds that 



(2.3.18) 



where 



„ - 16 x 8e 2L ( 1+l|6|l '°°( n x(°. L » 
xlog 



e (l+(C(n.»,,)+Co) [^,ll«ll)+i||b|ll- ( nx«.,L))]+^ 1 ) JX^°)I 

J n |u(x,L)| cix 



Combining (12.3.171 ) and (12.3.18L we get that for any A > 0, 



(2.3.19) 



L)| 2 e ' 4A°' dx < \u(x,L)\ 2 e ^ dx 



13 r 



+ 2 k (± + n )Z u I \u{x,L)\ 2 e~^dx. 
Jn 



(2.3.20) 



We take 



Clearly it solves 



x= \\- nL+ r 2L2+2J K. 



Mi +n ) z " =1 2- 



Then it follows from (12.3.201) and (12.3.211) that 



(2.3.21) 



\u (x, L)\ 2 dx < 2e 4 ° / \u(x,L)\ 2 dx 

J B r 



(2.3.22) 



where m is given by Lemma l24l 
On the other hand, it holds that 



mQ_ (n + l)m Z u 



(2.3.23) 



because 



-nL+Jn 2 L 2 + 



2Lr 2 



< 



h (? L + ^ + ¥) 

(nL+ ^jn 2 L 2 + 



4L 2 r 2 
m 



< |f (n + yfri 2 + 4) . 
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In the first inequality of the above, we used that Z u > Now it follows from (12.3.221) 
and (12.3.23ft that 

\u(x,L)\ 2 dx <2e^^^ / \u(x,L)\ 2 dx. (2.3.24) 



Next, by (12.3.191 ), there is a C = C(n, n ,q) > 2 such that 

|2 



^^<^( r ,T,||6||)Iog 



c(K(T,||a||,||6||)+i) fn\ U ( X '®)\ 

J n \u (x, L) \ 2 dx 



This, together with (12.3.241) . yields that 

C/3(r,T,\\b\\) 



/ \u(x,L)\ 2 dx < 2 



3 C(it(T,||o||,||6||)+i) fn\ u ( x '®)\ dx 

j n \u (x, L) \ 2 dx 
In summary, we conclude that 



\u (x, L) \ 2 dx . 



, l+C/3(r,T,||6|l) 

L)| < (2 / <ir 



Cj3(r,T,||i>||) 



X ( ( 

which leads to (12.1.31) . 

Proof of (l2X4b in Proposition . Let < t x < t 2 < T. The estimate (11X31) 
implies that 



\U I 



a(r/2,T,||b||) (2.3.25) 

G(A-(T,||o||,l|6|IH ' ' 

L 2 (n) 



On the other hand, by Nash inequality and Poincare inequality, there exists c > (de- 
pending only on £1 and n) such that 

ii^-^)iii: ( t /2 ) <^i«(-^)ii^)ii v, *(-'^i^(n) • < 23 - 26) 

It follows from the standard energy method that 

||Vu 0,^)11^ < e <i+T[Ni- ( p,T ! « ( 0,,+IWl!-( nX (p,io)]) llttO.tOII^ , 

(2.3.27) 

where c > (depends only on VL, n and q). Combining (12.3.251) , (12.3.261) and (12.3.271 ), we 
deduce that there is a positive constant d (only depending on fi, n and g) such that 

\\u(-M\\„ m <(i) 1 =^ e «^w*»V*) 

x n-c-^^niffe; 1 "^ 2 '"'-" 6101 n-(-*oiii.7jf^ [1 - aC " /2 - r - l "" m . 

This, together with some simple computations, leads to estimate (12.1.41) . and completes 
the proof of Proposition |2.21 
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3 Applications to bang-bang controls 

Throughout this section, we assume that a G L°° (fi x (0,T)), B e L°° (tt x (0,T)) n 
with divi? G (fi x (0, T)) and y° G L 2 (O); we let a; be a nonempty open subset of 
f2; and we denote by L. the characteristic function of a set in the place where • stays. 

Let r G [0, T). Let E C (r, T) be a measurable set of positive measure. Consider the 
following parabolic equation: 

d t if> - Aif) + aip + B ■ Vif) = 1[ w x(t,T) in ^ x (0, T) , 

^ = ondfi x (0,T) , (3.1) 

^(-,0)=V° infi, 

where f G L°° (fi x (0, T)) and ^° £ £ 2 (^)- Then (13.11) admits a unique solution if) in 
C ([0, T] ; L 2 (fi)) n L 2 (0, T; if* (fi)). The adjoint equation of CD} is as: 

-fy? - Ai? + (a — div5) ■& - B ■ W = in ft x (0, T) , 
■d = onffix (0, T) , (3.2) 

•&{-,T) G L 2 (ft) . 

By Theorem 1.1, any solution $ to (13.21) satisfies 

||^(-,0)|| i2(n) <K / \0(x,t)\dxdt, (3.3) 

where the constant k is independent of This is equivalent to the null-controllability 
from £: for any tp G L 2 (O), there is a v G L°° (Q x (0, T)), with 

IMIl°°(Qx(o,t)) — K II^IIl 2 ^) > (3-4) 

such that the corresponding solution if) to (13.11 ) satisfies if> (■, T) = in fi. (See e.g. [|W|| ). 
In general, such a w is not unique. 

3.1 Norm optimal bang-bang control 

Consider the following parabolic equation: 

d t y - Ay + ay + B ■ Vy = 1\ uX ( t ,t) / in fi x (0, T) , 
y = ondVL x (0,T) , (3.1.1) 

y(-,0) = y° infi, 

where / G L°° (0,T; L 2 (fi)). Then equation (13.1.11) admits a unique solution y in the 
class of C ([0, T] ; L 2 (Q)) fl L 2 (0, T; i/* (O)). Write 

7" = {/ G L°° (0, T; L 2 (ft)) ; y (•, T) = in ft} , 

where y is the solution of (13.1.11 ) corresponding to /. 
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Theorem 3.1. There is a unique f* G T such that 

II/*IIl°°(t,T;L 2 (Q)) = "tin \\f\\L°°(T,T;L 2 {n)) • (3.1.2) 

Furthermore, f* holds the bang-bang property: 

\\f* (■>*)lli2 (n) = \\f*\\ L °°(T,T;L*(n)) fora.e. t G (r,T) . (3.1.3) 

Remark 3.2. In the control theory of PDE, the equation (13.1.11) is called a controlled 
system while / is called a control. / G T means that the control / in L°° (0, T; L? (£])) 
drives the solution y of (13.1.11) from y° to zero at time T. The property that T is nonempty 
is called the null-controllability for (13.1.11) . The quantity 



M = min 



/ 



(3.1.4) 

L°°(T,T;L 2 (n)) 



measures the best cost of such controls. The norm optimal control problem (with respect 
to (13.1.11) ) is to ask for a control / G J such that \\f\\ L oa^ TT . L 2^ = M. Such a control 
is called a norm optimal control. The norm optimal control problem has the bang-bang 
property if any norm optimal control / holds that ||/ (•, ^H^m = M for a.e. t G (r, T). 
Theorem 13.11 presents that the norm optimal problem has a unique optimal control and 
holds the bang-bang property. 

Proof of Theorem 13.11 We carry out the proof by three steps as follows. 
Step 1 .- Existence. By the well-known result on the null controllability of parabolic 
equations (see HDFGZH ), we have that T ^ 0. Then by making use of the standard argu- 
ment of calculus of variations, we get the existence of such a control / G T satisfying 
M. 



\L< x >{t,T;L 2 {VL)) 

Step 2 . - Bang-bang property. We prove that if / G T satisfies (13.1.21) . then / must hold 
(13.1.31) . By seeking a contradiction, we suppose that (13.1.31 ) did not hold for some / G T 
satisfying (13.1.21) . Then there would be an e G (0,1) and a measurable set E C (r, T), 
with a positive measure, such that 

\\f(;t)\\ L2{n) <M-e VteE. (3.1.5) 

Here M is given by (13.1 .41) . We claim that there are a f s G L°° (0, T; L 2 (Q,)) with 

\\fs\\Loo {r ,T;L*m < (! - ^ for s ° me e (0, 1) , (3.1.6) 
and a function y$ with the property that 



d t y s - Ays + ay s + B ■ Vy s = 1| wx (t,t) fs in x (0, T) , 

y s = ondQx (0, T) , 

ys(;0) = y° inn, 

y s (-,T) = in ft. 



(3.1.7) 
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The existence of such a triplet (5, fg, y$) that satisfies (|3.1.6I) and (|3.1.7I) clearly contra- 
dicts with the definition of M. Now, we prove the claim. Let 5 G (0, 1) (which will be 
determined later). By Theorem ll.ll and its equivalence to the null-controllability from E, 
there is a control v$ G L°° (fi x 0,T) such that the solution xjig to 

d t ijj 5 - Alps + aip s + B ■ V^s = 1\ux(t,T)1\eVs in ft x (0,T) , 
ips = ondttx (0,T) , (3.1.8) 

^ s (;0) = Sy° in ft, 

satisfies ips (-,T) = in ft. Furthermore, there is a k > (independent on 5) such that 

\\ v $\\L°°(o,T;L2(n)) — 1^1 ^ ll v <s|lz,°°(nx(o,T)) — ^II^IIz^q) ■ (3.1.9) 
Then we define f$ by setting 

fs = (l-S)f + l\ E v s . (3-1.10) 

By taking 5 = ,, 0II 6 — , one can easily check that 

\\fs(;t)\\ L2{n) <(l-5)M fora.e.te(r,T) . (3.1.11) 

On the other hand, one can verify that the function (1 — 5) y + ips satisfies (13.1.71) . This, 
together with (13.1.111) , shows the claim. 

Step 3 .- Uniqueness. By the bang-bang property and the parallelogram identity, we 
can easily check that the control / 6 J satisfying ||/|| i oo( rT . i 2( Q - ) ) = M is unique (see 
E page 45]). 

This completes the proof. 

3.2 Time optimal bang-bang control 

Consider the following parabolic equation: 

d t y - Ay + ay + B - Vy = 1\^ {t ,t)9 in ft x (0,T) , 
y = on 9ft x (0,T) , (3.2.1) 

y(;0) = y° inft, 

where g G L°° (0, T; L 2 (ft)). Write 

Q M = { 9 EL°° (0, T; L 2 (ft)) ; |M| ioo(0>T;X2(fi)) < m) , (3.2.2) 
where M > 0. We define 

V M = { (r, g) G [0, T) x Q M - y (•, T) = in ft} , (3.2.3) 
where y is the solution of (13.2.11 ) corresponding to g. 
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Theorem 3.3. Suppose that V M ^ 0. If(r*,g*) G V M is such that 

r* > r for any pair (r, g) G V M , (3.2.4) 
then g* holds the bang-bang property: 

\\g*(;t)\\ L2m = M fora.e.te(T*,T) . (3.2.5) 
Furthermore, there is at most one such pairs (r*, g*). 

Remark 3.4. It may happen that V M = 0. To guarantee that V M ^ for some T > 0, 
it is necessary to impose certain conditions on potentials a and B. For instance, it can be 
checked that one of the following two conditions implies that V M ^ 0: 

• < a - ±div5 + A x for a.e. (x, t) G Q x (0, T) ; 

■\\a-ldivB\\ Loc(ax(QtT)) <X 1 . 
Here Ai > denotes the first Dirichlet eigenvalue. 

Remark 3.5. There is a kind of time optimal control problem whose aim is to delay 
initiation of active control (in a control constraint set) as late as possible, such that the 
corresponding solution (of a controlled system) reaches a target by a fixed ending time 
(see e.g. HMS10 . In the current study, the controlled system is (13.2.11 ), where g is viewed 
as a control; the target is {0} C L? (ft); the ending time is T; and the control constraint 
set is given by (13.2.21 ), where M is regarded as a bound of controls, (r, g) G V M means 
that the control g is not active in ft x (0, r) and drives the solution of (|3.2.1I) from y° to 
zero at time T. The time 

t* = max r 

is called the optimal time; while a control g*, with (r*,g*) G V M , is called a time optimal 
control. Now from perspective of control theory of PDE, Theorem 13.31 presents that any 
time optimal control g* holds the bang-bang property: \\g* (•,t)\\ L 2(n) = M for a.e. t G 
(r*, T). It also shows that the optimal control, if it exists, is unique. 

Proof of Theorem 13.31 The uniqueness of the pair (r*, g*) follows directly from the 
bang -bang property (13.2.51) and the parallelogram identity (see [F, page 45]). Thus, it 
remains to prove (13.2.51) . By contradiction, we suppose that there was a pair (r* , g*) G V M 
satisfying (13.2.41) such that (13.2.51) did not hold. Then there would be an e G (0,1) and a 
measurable set E C (r*,T), with a positive measure, such that 

\\g*(;t)\\mn)<M-e Vi G E . (3.2.6) 

We claim that there are a 5 G (0, 1) and a pair (y, g) with g G Q M such that 

d t y - Ay + ay + B -Vy = 1\ U1X{T * +S , T )9 in x (0,T) , 

y = ondOx(0,T), 

y(;0) = y° inQ, ^ ZJ) 

y(-,T) = in ft. 
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The existence of such a triplet (5, y, g) clearly contradicts with (13.2.41) . To prove the claim, 
we first observe that there is a 5 G (0, 1) such that the measurable set 

E = EH(t* + 6 ,T) 

has a positive measure. Then, it follows from (13.2.61) that 

\\g*(;t)\\ LHn) <M-e VteE. (3.2.8) 

Let 5 G (0, S ), which will be determined later. By solving the equation: 

d t z - Az + az + B ■ Vz = —1\ ux (t*,t*+S)9* in x (0, r* + 5) , 
z = on dVl x (0,r* + 5) , (3.2.9) 

z(-,0) = infi, 

we get that 

p(-,r* + 5)|| i2(n) < c \\g*\\ L i( T * 7T * + s;L 2 (n)) (3 2 10) 

< c M5 , 

where c > is independent on 5. 

Next, by Theorem ll.ll and its equivalence to the null-controllability from E, there is a 
control v G L°° (Q x (r* + 5, T)) such that the solution ip to the equation: 

d t ij- Atfj + aij + B- = 1\ ux <^+s,t<)1\ev infi x (r* + 5,T) , 
ip = onfflx(r* + 5, T) , 

V>(-,r* + <f) = z(-,t* + S) in ft, 

(3.2.11) 

satisfies ^ (•, T) = in ft. Furthermore, it holds that 

IMlL°°(r*+<5,T;L 2 (n)) — 1^1 ^ II U II L°° (fix (r*+<5,T)) — K II Z (' > T * + II L 2 (fi) ' (3.2.12) 

for some k > independent on 5. Combining the above estimate with (13.2.101) , we can 
find a constant c > 0, independent on 5, such that 

IMIl,°°(T*+5,T;L 2 (fi)) - • (3.2.13) 

Now, we define 



W{;t) 



z(-,t) ifte [0,r* + 5] , 



Clearly, w (•, 0) = and w (•, T) = in a Let be the solution of dSTTb with (r, </) = 
(r*,g*). Thus it holds that (-,T) = in £7. Further, one can easily check that the 
function y* + w solves (13.2.71) with 



9{;t) 



if t G [0,r* + S] , 

<f(.,f) + V;(.,f) if t G (r* + <5, T] . ^ A3J 
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Finally, we take 5 G (0, 5 ) such that c5 < e. Then it holds that g G Q M . Indeed, it follows 
from (13.2.15k (T3T2~8l) and (13.2.131) that 

lb ^11^(0) < lb*(->*)lli 2 (n) + || 1 |B^(^)|L 2(fi) 

M - e + c5 a.e. if t G £ n (r* + 5, T) 

< M a.e. if* £ £fl (r* + 5,T) 
ift G (0,r* + 5) 

< M for a.e. t G (0,T) . 

This completes the proof. 

Appendix 



Proof of Proposition 123 



Since \E\ > 0, almost every point of E is a point of density of E C (0, T). Let £ G (0, T) 
be such a point. Then it holds that 

Let z > 1. Let < e <min(^^, |) which implies that 

6 A + ^<iand fl + ^<-. (A.1.2) 



1-e \z-l J ~ 2 V 1-e/ _ 2 

Then by (IA.1.11) . there exists 9 Q = 9 Q (e) > such that for any 9 < 9 , 

\E c n(i-9,i + 9)\ \En(£-9,£ + 

< e and 1 — e < 



\(£-9,£ + 9)\ \(£-9,£ + 9)\ ' 

which imply that 

\E c n{£-9,£ + 9)\ < -l—\En(t-6,l + 6)\ . (A.1.3) 

Write O =min(# D , T — £). Let ^ be such that £<£ 1 <£ + 9 <T. Define {C} m >i by 
(I2XTT) . Clearly, 

C - £ < £ m _! - £ < • • ■ < £ 2 - £ < £ x - £ < 9 < 9 (AAA) 

and 



Then 



?m+i - C +2 = -ir - 1) & - • (A.i.5) 



£ m -£ m+ i = \E c n{£ m +i,£ m )\ + \En(£ m+1 ,£ m )\ 

< \E c n(2£-£ 

mi £m 

)\ + \En{£ m+1 ,£ m )\ (A.1.6) 
<^-\En(2£-£ m ,£ m )\ + \En(£ m+1 ,£ m )\ . 
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The first inequality in (IA.1.61) follows from (12.1.11) ; while in the second inequality of 
(IA.1.6D . we used (IA.1.3D . with 9 = i m - i, and (IA.1.4D . Thus we have that 

t m - 4+i < \\ E n (2^ - 4, 4*0 1 + |£ n (4*i,40l] + 1^ n (4+i,4)| 
< (i + T ^-)|^n(4 + i,4)| + T ^[4 + i-(2£-4)] • 

(A. 1.7) 

Besides, it follows from (12.1.11) and (|A.1.5I) that 

£ m+1 -(2£-£ m ) =±(i+ z )(£ 1 -£) 

- l±z (P — f A 

This, along with (IA.1.71) and (IA.1.2L leads to (T2T21) . 



Some inequalities 

Suppose a G L°° (0, T; L 9 (fi)) where q > 2 forn = 1, and q > n for n > 2. Let 



P 



— ifn<q<2n 

q — 

1 if 2n < g 



+C7(. A .w) llollS^n)) + " T-tffi"" L l*(*)l 



Then, for each e > 0, there is C( E) n, n , ? ) > such that for any <\> E H$ (O) and for a.e. 

t e (o,L) c [0,T], 



\a (x, t) (p (x) | 2 Ga da; 

<e/ n |V0(z)| 2 G A (a:,t)da: (A.2.1) 
4 /(2-p) iH^Lgil r |jl/„\|2 



and 



a (x, t) \<j> (x)\ G\(x,t)dx 
<e~j n \V<f){x)\ 2 G x {x,t)dx (A.2.2) 
+C(.An,«) (ll«ll^(o,^ ( n)) + """^^r^' ) /n I* G a t) dx . 

Proof of (|A.2.1t and (IA.2.2D . Notice that 1 < p < 2. In the case where n > 2, it holds 
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that 



|a0| 2 G\dx 



< I ! <r L a _ || 2 G A || (by Holder inequality) 

1 V 



p 

pn 

L^P(Si) 

' b 2 G 



! Lp (Si) 
^ II II 2 

— " "l p (n) 

< C(a, n , q) ||a||L {Q ) / (|^| 2 ~ P | V0| p + |0| 2 (Ca) 1 ^ I VC A D rfx 

?A< 



(by Sobolev inequality) 



■\ 2 G x dx 



< C(Q,n,q) \\a\\ L i(si) 

\JS1 / \JSl. 

+C(si, n ,q) ||a||L(n) ( jl-^W \<P\ 2 G\dx 

1 1 2 

< C(Q,n,g) ||a|| L9(n ) 



/ | V0 | 2 G A <ir ] (by Holder inequality) 

si J 



(e jf | V0| 2 G\dx + ^-1- + _ * + ) jf |0| 2 G A rfs) , 



/ a|0| 2 G A ofo; 
in 

< l|a|lL»(n) H^^IL^n) (by Holder inequality) 

< C (n ,„) ||a|| L n (Q) || V (0 2 G A )|| L i (n) (by Sobolev inequality) 

< C (n ,n )5 ) \Hmn)J (|0| |V0| G A + |0| 2 |VG A |) rfx (by Holder inequality) 

< C (n , n , ?) ||a|| L9(n) (C ^ |V0| 2 G x dx + Q + | L _* + A J ^ I0| 2 C A ^ . 



In the case when n — 1, it stands that 



/ |a0| 2 G A cfo; 
in 

< ll« 2 || \\ ( t )2G >\\L^(Si) (by Holder inequality) 

<C(Si) H* 2(n) ||V(0 2 G A )|| 

L>-(si) Q°y Sobolev inequality) 

< C(n) \\a\\l Hn) ! (|0| |V0| G\ + |0| 2 |VG A |) dx 

2 2 1/2 2 1/2 

< c (Si) \\ a \\ 2 L 2(si) {In l^l 2 g a^) (/ n I V0| 2 G A rfx) (by Holder inequality) 

< IH| 2 2(n) (e ^ |V0| 2 G A ^+ Q + |^— ^) / M^a**) , 
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and 

/ a\(fi\ 2 G\dx 
Jn 

< W a \\mn) II^aIIloo/q) (by Holder inequality) 

< C (Q) ||a|| L i (n) || V (0 2 G A )|| L i (n) (by Sobolev inequality) 

< C (n) \\a\\ L i {n) J (|0||V0|G A + |0| 2 |VG A |)^ (by Holder inequality) 

< C7 ( o) IMI^n) (e j[ I V0| 2 G A rfx + Q + j^— jf G x dx^j Ve > . 
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